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L,-dual three mixed quermassintegrals

Chang-Jian Zhao and Mihaly Bencze

Abstract

In the paper, the concept of L,-dual three-mixed quermassintegrals
is introduced. The formula for the L,-dual three-mixed quermassin-
tegrals with respect to the p-radial addition is proved. Inequalities of
Lp-Minkowski, and Brunn-Minkowski type for the L,-dual three-mixed
quermassintegrals are established. The new L,-Minkowski inequality is
obtained that generalize a family of Minkowski type inequalities. The
Lp-Brunn-Minkowski inequality is used to obtain a series of Brunn-
Minkowski type inequalities.

1 Introduction

The classical L,-dual Minkowski inequality can be stated as follows (see [4]):
If K and L are star bodies and 0 < p < n, then

VoK, L) < V(K)"PV(L)”, (1.1)

with equality if and only if K and L are dilates. The inequality is reversed for
p<O0orp>n.

Here, V(K) denotes the (n-dimensional) Lebesgue measure of a body K
and call the volume of K. The p-dual mixed volume ‘N/p(K, L), for p # 0,

defined by
~ 1

VD) = = [ o) oL as (), (1.2)
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where, the letter u for unit vectors, the surface of B is S"~! and the letter B
is reserved for the unit ball centered at the origin, and p(K,-): S"~! — [0, ),
denotes the radial function of star body K, defined by (see e.g. [2] and [7])

p(K,u) =max{\A>0: A u e K}.

If p(K,-) is positive and continuous, K will be called a star body. Let 8"
denote the set of star bodies in R". For any p # 0, the p-radial addition
K+,L defined by (see [3])

p(KlpL’u)p = p(K,u)” + p(L,u)”, (1.3)

for K,L € 8". The Brunn-Minkowski inequality for the p-radial addition
states that (see [3]): If K, L € 8™ and 0 < p < n, then

V(KF,L)P/" < V(K™ + V(L)P'", (1.4)

with equality if and only if K and L are dilates. The inequality is reversed for
p < 0orp > n. The operation of the p-radial addition and L,-dual Minkowski,
Brunn-Minkwski inequalities are the basic concept and inequalities in the L,-
dual Brunn-Minkowski theory.

In the paper, we give a generalization of the concept of the p-dual mixed
volume. The L,-dual three-mixed quermassintegrals is introduced. Let
K,L,Q € 8,0 <4 < nandp # 0, the Ly,-dual three-mixed quermassin-

tegrals of star bodies K, L and @, denoted by Wp (K, L,Q), defined by
1 i1
WoilK L@ =% [ K™ (L pQu)dS(w). (1)

When @) = K, the L,-dual three-mixed quermassintegrals Wp (K, L,Q) =
Wp (K, L, K) becomes the p-dual mixed quermassintegrals Wp (K, L).

When K = L, the L,-dual three-mixed quermassintegrals Wp (K, L,Q) =
Wp (K, K, Q) becomes the usual mixed quermassintegrals Wi (K Q). When
K = L = @, the Ly,-dual three-mixed quermassintegrals WW(K L,Q) =

W, (K, K, K) becomes the usual dual quermassintegrals W; (K).

The formula for the L,-dual three-mixed quermassintegrals with respect
to the p-radial addition is proved (see Section 3). The Minkowski inequality
for the L,-dual three-mixed quermassintegrals is obtained. If K,L,Q € 8",
0<i¢<nand0<p<n, then

Wp,i(Ka La Q)n—z < Wi(K)n_i_p_lwi(L)pWi(Q)’ (16)

with equality if and only if K and L are dilates. The inequality is reversed for
p<O0orp>n.
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The new Minkowski inequality is obtained that generalize some Minkowski
type inequalities. Taking @ = K in (1.6), this becomes the following L,-
Minkowski inequality for p-dual quermassintegrals. If K, L € 8", 0 <p < n
and 0 < ¢ < n, then

W,.i(K, L)~ < W;(K)" " PW;(L)?,

with equality if and only if K and L are dilates. The inequality is reversed for
p < 0orp>n. Taking K = L in (1.6), (1.6) becomes the following Minkowski
inequality for dual quermassintegrals. If K, L € 8" and 0 < i < n, then

Wi(K,L)"™" < W;(K)" """ '"Wi(L),

with equality if and only if K and L are dilates. Taking i =0 and Q = K in
(1.6), (1.6) becomes the following L,-Minkowski inequsality. If K, L € 8" and
0 < p < n, then B
V,(K, L)" < V(K)" V(L)

with equality if and only if K and L are dilates. The inequality is reversed for
p < 0 or p > n. This is just the classical L,-Minkowski inequality (1.1).

The Brunn-Minkowski inequality for the L,-dual three-mixed quermassin-
tegrals with respect to the p-radial addition is obtained. If K, L, M,Q € 8",
0<i<n-—1and0 < p<n, then

ﬁ//pﬂ'(Q,K%DL,M) S’W’i(Q)(nfifpfl)/(nii)
(Wz (K)p/(n—i) + Wi (L)p/("—i)> Wi(M)l/(n_i), (1.7)

with equality if and only if K and L are dilates. The inequality is reversed for
p<0orp>n.

The new Brunn-Minkowski inequality is used to obtain a family of Brunn-
Minkowski type inequalities. Taking Q = M = K+, L in (1.7), (1.7) becomes
the following L,-Brunn-Minkowski inequality for dual quermassintegrals. If
K, Led8" 0<i<n-—1and0<p<n, then

’in(KlpL)p/(n*i) < Wi(K)p/(n*i) + Wi(L)p/(n*i)7

with equality if and only if K and L are dilates. The inequality is reversed for
p<0orp>n. Takingp=1and Q = M = K+,L in (1.7), (1.7) becomes the
following Brunn-Minkowski inequality for dual quermassintegrals. If K, L € 8"
and 0 <i <n—1, then

Wi(KTL)Y =) < W, (K)Y =D 4 W,(L)Y/ (=),

with equality if and only if K and L are dilates.
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Taking i = 0 and Q = M = K+,L in (1.7), (1.7) becomes the following
L,-Brunn-Minkowdski inequality for volumes. If K,L € 8" and 0 < p < n,
then

V(K¥,L)P/" < V(K)P/™ 4 V(L)P/™, (1.8)

with equality if and only if K and L are dilates.
The inequality is reversed for p < 0 or p > n. This is just classical L,-
Brunn-Minkowski type inequality (1.4).

2 Preliminaries

The setting for this paper is n-dimensional Euclidean space R™. Associated
with a compact subset K of R™, which is star-shaped with respect to the origin
and contains the origin, its radial function is p(K,-) : S"~! — [0, 00), defined
by

p(K,u) =max{\A>0: \u € K}.
Let & denote the radial Hausdorff metric, as follows, if K, L € 8", then (see e.
g [1])

6(K7 L) = |p(K, U’) - p(L,u)\OO.

2.1 Dual mixed volumes

The radial Minkowski linear combination, A\ K FRTp —T—)\TKT, defined by (see
[5])

>\1K1:’t o ':FATKT' = {Alﬂfl‘T‘ T ;ATxT HEAAS Ki7 1= 17 . 'ar}a

for K1,...,K, € 8" and Ay,..., A, € R. It has the following important
property:
pAK+uL,-) = Ap(K, ) + pp(L, -),
for K,L € 8" and A\, u > 0.
If K; € 8 (i =1,2,...,r) and A; (i = 1,2,...,r) are nonnegative real
numbers, then of fundamental importance is the fact that the dual volume of
MK+ --- T\ K, is a homogeneous polynomial in the \; given by (see [5])

VOuKI T FNEK) = Y Ay N Vi, (2.1)

Q1yeeeylin

where the sum is taken over all n-tuples (i1,...,4,) of positive integers not
exceeding r. The coeflicient V;, ; depends only on the bodies K, ,..., K;,
and is uniquely determined by (2.1), it is called the dual mixed volume of
K;,...,K; , and is written as 17(Ki1,...7Kin). Let K1 = ... = K,,_; =
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K and K,_;4+1 = ... = K, = L, then the mixed volume ‘N/(Kl...Kn) is
written as V;(K,L). f Ky = -+ = Ky = K, Kp_i11 = -+ = K, = B,
then the mixed volumes V;(K, B) is written as WZ(K ) and is called the dual
quermassintegral of star body K. Let Ky = ... = n—i—1 = K K, ;=...=

K, _1 = Band K,, = L, then the dual mixed volume V(K,...,K,B,...,B,L)
—_——— ———
n—1—i i
is written as Wz(K , L) and is called the dual mixed quermassintegral of K and
L.
The dual quermassintegral of star body K, defined as an integral by (see
[6]): If K € 8" and 0 < i < n, then

Wilk) = [ ol ias(u), (2:2)

n

2.2 p-radial addition
For any p # 0, the p-radial addition K+,L defined by (see [3])
p(K+,L,x)" = p(K., )P + p(L, z)?, (2.3)

for x € R™ and K,L € 8™. The following result follows immediately form
(2.3).
Wi(K¥pe-L)—Wi(L) 1 ,
lim (Ktpe - L) ( ):f/ p(K.u)""""Pp(L.u)PdS(u).
Snfl

n —1e—0+ 15 n

Let K,L € 8", p # 0 and 0 < 4 < n, the p-dual mixed quermassintegral of
star K and L, W, ;(K, L), defined by

1

Woill) =% [ oK) (L ds ) (2.4)

Obviously, when p = 1, the p-dual mixed quermassintegral WN/p)i(K , L) becomes

the dual mixed quermassintegrals of star bodies K and L WZ(K ,L). When
¢ = 0, the p-dual mixed quermassintegral /Wp,i(K , L) becomes the well-known
p-dual mixed volume VP(K ,L).

This integral representation (2.4), together with the Holder inequality, im-
mediately gives that the following Minkowski inequality for p-dual quermass-
integras: If K, L € 8", 0 <p <n and 0 <17 < n, then

Wyi(K, L)~ < W (K)" = PW,(L)”, (2.5)

with equality if and only if K and L are dilates. The inequality is reversed for
p<O0orp>n.
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It is easily seen that the p-dual mixed quermassintegral is linear with re-
spect to the p-radial addition and together with inequality (2.5), show that
the following Brunn-Minkowski inequality for p-radial addition: If K, L € 8™,
0<i<nand0<p<n, then

Wi(K—T—pL)P/("‘“ < Wi([()p/(n—i) + Wi(L)P/ (=), (2.6)

with equality if and only if K and L are dilates. The inequality is reversed for
p<0orp>n.

The operation of the p-radial addition and L,-dual Minkowski, Brunn-
Minkwski inequalities are the basic concept and inequalities in the L,-dual
Brunn-Minkowski theory. The latest information and important results of
this theory can be referred to [8], [9], [10], [11] and [12] and the references
therein.

3 L,-dual three mixed quermassintegrals with respect to
p-radial addition

In order to define the L,-dual three-mixed quermassintegral with respect to
p-radial addition, we need the following lemmas.

Lemma 3.1 ([6]) If fo, f1 and fo are (strictly) positive continuous func-
tions defined on S"' and oy, oo are positive constants the sum of whose
reciprocals is unity, then

/snﬂ Jo(u) f1(u) fo(u)dS(u) < (/Sn1 fo(w) fl(u)dS(u))l/al

(/Sn_lfo(u) §Q(U)dS(u))l/a27 (3.1)

with equality if and only if there exist positive constants A1 and Ao such that
M= Ao fs? for allu € ST
Lemma 3.2 Letp#0,0<i<nande>0. If K,L 8™, then

K~ . L n—i—=1 _ ([ n—i—1 —i—1 )
i P L) P, u) = (K, u) P (L, w)P
e—0t £ p
(3.2)

Proof From (2.3) and in view of the L’Hopital’s rule, we obtain

K Tye s Lu) T — p(K )

e—0t £
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g (PUS WP ep(Lwp) T — p(K )i
e—0t €
—i—1 n—i—1—
= = lim ()P o ep(Lw) T (L
—i—-1 )
= T (K u) T (L )
p

O
Lemma 3.3 Letp#0,0<i<nande>0. If K,L,Q € 8", then

oy WillTe - L,Q) — Wi(K, Q)

n—1—1es0+ €

1 —ie1—
-1 /S AT 0P p(Q w)dS (). (3.3)

Proof This follows immediately from Lemma 3.2 and (2.2). O

Definition 3.4 (The L,-dual three-mixed quermassintegrals) Let K, L €
8",0 < i < nand p # 0, the L,-dual three-mixed quermassintegrals of star
bodies K, L and @, denoted by W, ;(K, L, Q), defined by

WKL @) = & [ €y Lo Qudst). (3.4)

n

When K = L = Q, the L,-dual three-mixed quermassintegrals WpL(K ,L,Q)
becomes the usual dual quermassintegrals Wi(K ). When p = 1, the L,-dual
three-mixed quermassintegrals Wp,i(K, L, Q) is written as Wi(K, L, Q) and call
it dual three-mixed quermassintegrals of K, L and (). When i = 0, the L,-
dual three-mixed quermassintegrals WW(K , L, Q) becomes a new three-mixed
volume, denoted by ‘N/p(K ,L,Q), and call it L,-three dual mixed volume of K,
L and Q. When p =1, %(K, L, Q) becomes a new three-dual mixed volume,
denoted by ‘7([(7 L,Q), and call it three dual mixed volume of K, L and Q.

Lemma 3.5 If K,L,Qc 8", 0<i<n and0<p<n, then

Wp,i (Ka L7 Q)n_i_l < Wi(Ka Q)n—i—p—lﬁz (La Q)p7 (35)

with equality if and only if K and L are dilates.
The inequality is reversed for p < 0 or p < n.
Proof This follows immediately from (3.4) and Lemma 3.1. O
Theorem 3.6 (The Minkowski inequality for p-dual three mixed quer-
massintegrals) If K,L,Q € 8", 0<i<n and 0 <p <n, then

Wi (], L, Q)" < W, ()" =P~ W, (L)PW,(Q), (3.6)
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with equality if and only if K and L are dilates.
The inequality is reversed for p < 0 or p > n.
Proof This follows immediately from Lemma 3.5 and inequality (2.5). O
Corollary 3.7 (The Minkowski inequality for dual three-mixed quermass-
integrals) If K,L,Q € 8™ and 0 <i < n, then

Wi(K, L, Q)" < Wi(K)" " 2W;(L)Wi(Q), (3.7)

with equality if and only if K and L are dilates.
Proof This follows immediately from Theorem 3.6 with p = 1. ]
Corollary 3.8 (The L,-Minkowski inequality for L,-dual three mixed
volumes) If K,L,Q € 8™, and 0 < p < n, then

Vo(K,L,Q)" < V(K)" P'V(L)PV(Q), (3.8)

with equality if and only if K and L are dilates. The inequality is reversed for
p<0orp>n.
Proof This follows immediately from Theorem 3.6 with i = 0. ]
Corollary 3.9 (The Minkowski inequality for dual three mixed volumes)
If K,L,Q € 8™, then

V(K,L,Q)" < V(K)"2V(L)V(Q), (3.9)

with equality if and only if K and L are dilates.
Proof This follows immediately from Theorem 3.6 with p =1 and ¢ = 0.0J
Corollary 3.10 If K,L,Q € 8", 0<1i<mn, then

Wi (K, L, Q)" "' W;(K)™! < Wi(L)"Wi(Q), (3.10)

with equality if and only if K and L are dilates.
Proof This follows immediately from Theorem 3.6 with p = n. |
Theorem 3.11 (The L,-Brunn-Minkowski inequality for the p-dual three
mixed quermassintegrals) If K,L,M,Q € 8", 0<i<n—1and0<p<n,
then

Wp,i(@a KlpLa M)
< Wi(Q)(n—i=p=1)/(n=1) (Wi( KPP/ W7y L)p/wi)) Wi (M) =D (3.11)
with equality if and only if K and L are dilates.

The inequality is reversed for p < 0 or p > n.

Proof From (2.3) and (3.4), it is easily seen that the p-dual three-mixed
quermassintegral is linear with respect to the p-radial addition and together
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with inequality (3.6) show that for 0 <p <n

Wp,i(Q. KT,L, M) W,.i(Q, K, M) + W, :(Q, L, M)

Wi(Q) = i=p= /(=D 7. () )P/ (=D Y7, (g (=D
Wi(Q)(=i=p=0/ (=7 (Lye/ (=D, (A1) M/ (=)

(W)™ + Wamy” ™)

+ Al

x Wi (Q)n—i=p= /(=i ()Y (=), (3.12)

From the equality condition of (3.6), the equality in (3.12) holds if and only
if K and L are dilates of @, this yields that the equality in (3.12) holds if and
only if K and L are dilates. O
Corollary 3.12 (The Brunn-Minkowski inequality for dual three-mixed
quermassintegrals) If K,L,M,Q € 8" and 0 <i <n —1, then

(Wa(B) 0 4 Wy (L)Y 0 ) Wi @)=/ =D (M) 9, (3.13)
with equality if and only if K and L are dilates.
Proof This follows immediately from Theorem 3.11 with p = 1. |

Corollary 3.13 (The L,-Brunn-Minkowski inequality for p-dual three
mixed volumes) If K,L,M,Q € 8" and 0 < p < n, then

Vo(@Q KFpL, M) < V(Q)U =0/ (VK™ 4 V(L") V(M)™, (314)

with equality if and only if K and L are dilates.
The inequality is reversed for p < 0 or p > n.
Proof This follows immediately from Theorem 3.11 with ¢ = 0. ]
Corollary 3.14 (The Brunn-Minkowski inequality for dual three mixed
volumes) If K,L,M,Q € 8", then

V(QKFL,M) < V(@)U (V)" + V(D)) (M), (3.15)

with equality if and only if K and L are dilates.
Proof This follows immediately from Theorem 3.11 with ¢ =0 and p = 1.
O

4 Conclusions

It is well known that the classical concept of mixed quermassintegrals of con-
vex bodies generally refers to the mixing of two convex bodies. By means
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of variational technique, a new concept of mixed quermassintegrals of three
convex bodies is proposed for the first time in L,-space, which generalized
the classical concept of two-mixed quermassintegrals of convex bodies. Fur-
ther, the Minkowski inequality, and Brunn-Minkowki inequality for the three-
mixed quermassintegrals are established, respectively. Therefore, a series of
Minkowski type, and Brunn-Minkowski type inequalities are derived.
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